Abstract: Reasoning and proof play an important role in the mathematics classroom. However, prerequisites for the learning of mathematical reasoning and proof, such as logical competence or the understanding of concepts and proofs, are rarely taught explicitly. In an empirical survey with 106 students in grade 8 we investigated students' declarative and methodological knowledge related to some of these prerequisites. The results show that there are certain deficits which make it difficult for students to learn reasoning and proof. 
In school mathematics, proof is one of the main methods for developing deductive reasoning ability and promoting the understanding of mathematics. The beginning of teaching and learning of mathematical argumentation and proof is often linked to the geometry classroom in grade 7 or 8. Despite these facts, geometry and, in particular, argumentation and reasoning in the geometry classroom is often regarded by teachers as a less important topic. In contrast, mathematicians and mathematics educators consider geometry as an important part of mathematics education (Lehrer & Chazan, 1998) .
Theoretical framework

Proof and argumentation in mathematics classroom
Logical argumentation, reasoning and proving are important aims of the mathematics classroom. These skills are the basis for the development of the mathematical science and, moreover, they are important qualifications which are indispensable for the education in a modern society. Consequently, the National Council of Teachers of Mathematics (NCTM) recently declared reasoning and proof to one of the ten standards in the NCTM Principles and Standards (NCTM, 2000) . The NCTM pointed out: "Mathematical reasoning and proof offer powerful ways of developing and codifying insights about a wide range of phenomena. People who reason and think analytically explore the properties and structure of objects and systems. They note patterns and regularities in both realworld and symbolic objects; they ask if those patterns are accidental or if things have to be that way; and they conjecture and prove. Ultimately, a mathematical proof represents the formal codification of patterns of reasoning and justification (NCTM, 2000) ."
In recent years many researchers in mathematics education and cognition psychology contributed to the description and explanation of proving processes and their prerequisites. There is a wide range of investigations starting from empirical investigations in the students' proof ability (e.g., Senk 1985; Healy & Hoyles, 1998; Reiss, Klieme & Heinze, 2001) , to the development of theoretical models of the proving process (Balacheff, 1988; Boero, 1999) , philosophical background about proving in mathematics and mathematics classroom (Hanna, 1983; Hanna & Jahnke, 1996; Hanna, 1997) and the identification of individual proof schemes (Harel & Sowder, 1998) . Furthermore, in the Third International Mathematics and Science Study (TIMSS) (Beaton et. al, 1996; Baumert, Bos & Lehmann, 2000) argumentation and proof played a role in several items.
The empirical investigations show that the students' abilities in mathematical reasoning and proof are rather poor. In particular, the investigation of Healy and Hoyles with 2500 high-attaining tenth grade students in Great Britain shows that even these students have great difficulties in generating proofs. The students were far from proficient in constructing mathematical proofs and were more likely to rely on empirical verification. However, they were frequently able to recognise a correct proof. The empirical findings of Reiss, Klieme & Heinze (2001) in their investigation of reasoning and proof abilities of upper secondary students correspond to the results of Healy and Hoyles, though in upper secondary level more students know that empirical argumentation is not allowed in a mathematical proof. The results of TIMSS Germany indicate that the student performance in mathematics for many students in grade 7 or 8 is not sufficient for a deeper understanding of mathematical concepts and procedures in higher grades (Baumert, Bos & Lehmann, 2000) .
1.2 Geometrical competence and prerequisites for proof in the geometry classroom As described above, the performance of students of the lower and upper secondary level in reasoning and proof in the mathematics classroom is comparatively low. To find the reasons for this fact, particularly in the case of the geometry classroom, researchers in the field of mathematics education and cognition psychology tried to identify aspects of geometrical competence which are prerequisites for the students' abilities in reasoning and proof in geometry. Recent research has focused on the cognitive processes and specific knowledge structures needed to solve geometrical (proof-)problems. Empirical results based on work with questionnaires, observing and interviewing students and think-aloud protocols show that the declarative knowledge, i.e., the knowledge on geometrical axioms, definitions and theorems is necessary but not sufficient to be successful in solving geometrical proof-problems. Greeno (1980) describes three types of geometrical knowledge: (a) theorems and rules, (b) visual patterns -like the image of corresponding angles -and (c) "strategic principles" which, for example, govern the construction of proofs. By Koedinger & Anderson (1990) mathematicians do not construct proofs by retrieving definitions and theorems from their memory and putting these together to logical deductions. On the contrary, they do not pay attention to each detail in the proving process but consider the line of argumentation in broad terms and recognise important properties and connections. Consequently, Koedinger (1998) stated that for the geometrical competence specific skills play an important role in addition to the declarative knowledge. Reiss, Klieme & Heinze (2001) identified certain aspects of geometrical competence in their investigation with students in the upper secondary school. Based on empirical data, they found that high level geometry competence is specifically influenced by spatial ability, declarative knowledge, metacognition and methodological knowledge (e.g., knowledge of the principles of mathematical proofs). First results of an investigation with more than 600 high-attaining students in grade 7/8 confirm that declarative knowledge, metacognition and methodological knowledge are also prerequisites for the geometrical competence in the lower secondary level (Reiss & Hellmich, submitted) . The fact that spatial ability as a component of general intelligence is of importance for geometrical competence was already stated by Clemens & Battista (1992) .
Research questions
According to recent results in the identification of prerequisites for the students' abilities of reasoning and proving in geometry, we investigated different aspects of the declarative and methodological knowledge of students. In this empirical survey, we focused on students which are at the beginning of learning mathematical reasoning and proofs. In contrast to the other above mentioned surveys, we were not concerned with high-attaining students but with students in grade 8 in the German Realschule. In general, the teaching and learning of mathematical argumentation, reasoning and proof starts in grade 7 or grade 8 in Germany. The high-attaining students in the German Gymnasium (grades 7 -13) starts in grade 7 with proofs of simple geometrical statements. For the students in the German Realschule (grades 7 -10) proofs frequently appear for the first time in geometry in grade 8 and, in general, the students in the German Hauptschule (grades 7 -9) will stay on the level of argumentation.
The investigation of the students' declarative and methodological knowledge was operationalized in five general mathematical concepts and principles which, from our point of view, are important aspects as prerequisites for performing proof problems in geometry. Moreover, these five mathematical concepts and principles are rarely taught or discussed explicitly in the mathematics classroom.
The research questions corresponding to the declarative knowledge are the following:
• Are students able to give definitions of geometrical objects? • Are they able to identify equivalent descriptions of a geometrical object?
The knowledge of correct definitions and alternative descriptions of the properties of geometrical objects is regarded as necessary for the construction of geometrical reasoning and proofs (e.g., Moore, 1994) . Empirical findings in this area show that the ideas of students about a geometrical object and a mathematical definition of this object are frequently inconsistent (e.g., Hershkowitz & Vinner, 1980; Hershkowitz & Vinner, 1982; Wilson, 1990) . The use of examples as an interpretation of definitions is often restricted to certain prototypes, which in addition contain irrelevant characteristics. Distinguishing between these irrelevant characteristic properties and the relevant definitional properties is difficult for students (Burger & Shaughnessy 1985; Burger & Shaughnessy, 1986; Wilson, 1986) . To describe the difference between students' ideas of a geometrical object and its mathematical definition Vinner introduced the notion of the concept image. The concept image can be described as the personal definition of a concept which an individual has in his mind (Vinner, 1991) . Other student problems related to definitions are the students' understanding of necessary and sufficient conditions in definitions and their imprecise use of words if they give definitions (Burger & Shaughnessy, 1985; Burger & Shaughnessy, 1986; Wilson, 1990) . In our study, we were also interested in the question whether students prefer a description of a geometrical object, i.e., if they define a geometrical object by other objects, or if they prefer a drawing.
On the field of methodological knowledge, the research questions are the following:
• What kind of arguments convince students that a mathematical statement is true and do students recognise correct and false proofs? • Do students know that, in general, the converse of a logical implication is not true? • Are they familiar with the principle of counterexamples? A correct understanding of a mathematical proof or mathematical reasoning is a necessary condition for the students' ability of constructing proofs. Research in the field of students' scientific thinking skills shows that there are several restriction in the preadolescent scientific thinking (Kuhn, 1989) . According to Flavell (1977) , an empirical-inductive reasoning is typical for students on the concrete-operational stage, whereas the hypotheticaldeductive reasoning is typical for the formal-operational stage. Empirical findings of investigations with grade 13, grade 10 and grade 8 students support this fact: the preference for empirical arguments in a mathematical proof is in grade 8 much higher than in grade 10 or grade 13 (de Villiers, 1992; Healy & Hoyles, 1998; Reiss & Thomas, 2000; Hoyles & Küchemann, 2001; Reiss & Hellmich, submitted) .
One of the basic elements of deductive reasoning is the use of logical implications. As described above, students' ideas of geometrical objects are frequently inconsistent with mathematical definitions because of restricted student concepts of these objects. In this study, we are interested in the students' understanding of logical implications. One of the basic ideas here is the fact that, in general, the converse of logical implications is not true.
To understand the fact that a counterexample is suffi-cient for refuting a statement is part of a correct understanding of mathematical reasoning and proof. Restrictions in the scientific thinking make it difficult for grade 8 students to understand this fact. In general, students in lower and also in upper secondary level treat refutations of conjectures in various ways such as modifying conjectures, considering the counterexample as an exception and so on (Balacheff, 1991; Reiss & Thomas, 2000) . Using counterexamples requires a correct understanding of definitions, recognition of the inconsistency produced by the counterexample and deductive reasoning. All this combined together is difficult for students. With the five concepts and principles (definitions, equivalent descriptions, arguments and proof, logical implication and counterexamples) we investigate important aspects of mathematical competence which , in particular, can be regarded as prerequisites for successful reasoning and proving skills in mathematics. These aspects are clearly not independent from each other since, for example, the usage of counterexamples requires a correct understanding of definitions.
Design of the study
In the present study the five mathematical concepts and principles were represented by ten items in a paper and pencil test. This test was administered by a teacher in four classes of grade 8 in a German Realschule. Altogether the sample comprised of 106 students (50 female, 53 male, no data 3). The students were asked to answer the test in 45 minutes.
For the two research questions related to the declarative knowledge (Are students able to give definitions? and Are they able to identify equivalent descriptions of a geometrical objects?), the students were asked to give definitions of the perpendicular bisector of a line and of an isosceles triangle. Furthermore, two simple geometrical objects (square and equilateral triangle) were considered and for each of these objects six different alternative descriptions were given. Here, the students had to mark the correct ones (multiple choice); in the first case, three descriptions were correct and, in the second case, four.
The three research questions related to the methodological knowledge were treated in different ways. To get ideas about the students' understanding of argumentation, reasoning and proof a proposition was selected which the students were supposed to know (the sum of the interior angles of a triangle is 180°) and the students were asked, why this statement is true. Moreover, we gave three different solutions for a proof of the statement about vertical angles -an empirical solution, a correct proof and the proof of a special case -and the students had to choose which of these solutions they prefer and which is correct. For the question about the converse of a logical implication we presented a statement and asked if the converse statement is also true. Here we chose a daily life situation ("If it rains, then the street becomes wet.") and a mathematical situation with simple geometrical objects ("If a quadrangle is a rectangle, then the opposite sides are parallel."). For the principle of counterexamples we asked the students to proof that two given conjectures are not true. These conjectures ("Each angle in a quadrangle is of 90°" and "For any triangle resp. quadrangle we can draw a circle through the three resp. four points.") were presented as dialogs ("Klaus says ... Karin contradicts ... How can you show that Karin is right?").
Results
Are students able to give definitions?
For the first item corresponding to this question, we get the results in Table 1 . We see that nearly the same number of students (14 resp. 15) gave the definition of a perpendicular bisector of a line as a description or as a drawing. Altogether, only 27,4% of the students were able to give a correct definition. If we consider the incomplete definitions, then we observe that most of them are drawings (27,4 % to 7,5%). If we consider only the complete or incomplete solutions, i.e., the solutions of the students who know what the perpendicular bisector of a line is, then we can see that two thirds of them chose the drawing and only one third the description as a definition.
In the case of the isosceles triangle, we get different results (Table 2) . Here 40,5% of the students gave a correct definition; most of them gave this definition as a description. Around 30% of the students only gave a definition for a special case (equilateral triangle) and around 20% gave an incomplete definition. Here, most of the students tried to give the definition as a description; only in the case of the incomplete solutions there are more drawings than descriptions.
The results show that the students' ability to give a correct definition of a geometrical object is rather poor. Only 30 -40 % of the students in our sample were able to give a correct definition of the perpendicular bisector of a line or of an isosceles triangle. However, this fact does not necessarily mean that the students do not know what the perpendicular bisector of a line resp. an isosceles triangle is.
The incomplete answers are mostly drawings. In these cases most of the student do not see the necessity to give information about certain details in their drawing, e.g., that an angle in a drawing that looks like a right angle is really an angle of 90° and so on. About 30% of the definitions of an isosceles triangle were definitions of an equilateral triangle. In these cases, we do not think that this is based on a restricted concept image, i.e., the equilateral triangle is an ideal example of an isosceles triangle (a prototype). In fact, most of the students gave a wrong definition because, in many cases, we got descriptive definitions like "A triangle with all sides of same length". We think that it is more likely that the students mixed up the two geometrical objects.
Are students able to identify equivalent descriptions of simple geometrical objects?
The number of correct answers for the six alternative descriptions of a square are presented in Table 3 . If we consider the alternative descriptions of a square (answers 1, 3 and 6), then we can see that 83 % of the students know that quadrangles with four sides of same length and four angles of 90° are squares. The fact, that four sides of same length and one right angle is also sufficient, is only recognised by 17,1 % and the statement that three angles of 90° and two neighbouring sides of same length are sufficient, is accepted by only 5,7%. Conversely, more than half of the students think that a quadrangle with four right angles is already a square and more than two thirds believe that each equilateral quadrangle is a square. Reason for this may be the wrong understanding of necessary and sufficient conditions. The fact that, in general, a parallelogram is not a square is known by nearly 60 % of the students. It is interesting to see that about two thirds of the students think that an equilateral quadrangle is already a square but only 17,1 % gave the answer that an equilateral quadrangle with one angle of 90° is a square.
If we consider the total number of correct answers for each student, we get the results in Table 4 : We can see that the students' ability to recognize equivalent descriptions of a square are rather poor. If we consider only the students who marked the correct answers, we see that 71,7 % recognized one equivalent description, 13,2 % two and only 2,8 % (three students) recognized all three correct descriptions of a square among the six possible answers. In the case of the equilateral triangle, we got the results presented in Table 5 . In this multiple-choice item, many students only marked the first answer. Consequently, they had correct solutions for the answers 1, 3 and 5 and wrong solutions for the answers 2, 4 and 6. However, we can see that more than three quarters of the students know that a triangle with three angles of same degree is equilateral and that more than one quarter of the students knows that a triangle with two sides of same length and one angle of 60° resp. a triangle with two angles of 60° is equilateral. As with the item with the square, we find the analogue phenomenom that 28 students know that two sides of same length and one angle of 60° is a sufficient condition but only 20 students agree with this fact when the 60°a ngle is between the two sides of same length. If we take into account that students who made no mark have two correct answers and students who marked the first question have three correct answers, we can again say that the students' ability to recognise equivalent descriptions of an equilateral triangle are rather poor (cf. Table 6 ). There were four correct descriptions of the equilateral triangle. Half of the students recognised only one of the correct answers, about 21 % two, about 11 % three and 5,7% recognised all four equivalent descriptions of a triangle.
What kind of arguments convince students that a mathematical statement is true? Do students recognise correct and false proofs?
In the first item, we asked why the statement about the sum of the angles in a triangle is true. The answers could be classified in different categories.
From Table 7 we see that the first two types of answers can be assigned to the category "based on a higher authority". Those students (34,8 %) argue that the statement is true, but there is no need for them to proof it (cf. the authoritarian proof scheme in Harel & Sowder, 1998) . Empirical arguments were preferred by 12,3 % of the students, while 9,4 % gave reasons for the fact that the statement is true for special triangles (mostly equilateral triangles). About 43 % of the students gave a senseless answer or no response. These results indicate that only for less than a quarter of the students there is a need to give reasons that the statement about the sum of the interior angles in a triangle is true. However, half of these students prefer empirical reasons. In the second item we gave the "proofs" of Ingo, Meike and Beate for the statement about vertical angles to the students. They were to decide which of this solutions they like most and which is correct. The results in Table 8 indicate that more than half of the grade 8 students like empirical arguments most (51,9 %). If we add the number of responses which choose Ingo, then we have 61 students (57,5%) which, on the one hand, prefer empirical arguments and, on the other hand, think that an empirical reasoning is correct. Beate's solution, which includes the special case of 45° angles and the use of a non-existing statement "proposition about squares" without further explanation, is correct for 40,6 % of the students and is the favourite "proof" for more than a third of the students (37,7%). The correct solution of Meike is recognised as correct by 20,7% of the students, but only 10,3 % like this correct solution most.
These results correspond with other empirical findings stating that many students in grade 8 accept empirical arguments (e.g., de Villers, 1992; Hoyles & Küchemann, 2001; Reiss & Thomas, 2001) . Moreover, there are deficits in the understanding regarding reasoning and proof in mathematics, since for most of the students there seems to be no need to give reasons for the validity of a statement.
Do students know that, in general, the converse of a logical implication is not true?
Here we gave two statements (one mathematical and one of "daily life") together with the converses of these statements to the students and asked, whether these converse statement are true. In many case the students gave reasons for their answer though this was not required. From these reasons, we could see that some students understood the daily life situation ("If it rains, then the street becomes wet" and "If the street is wet, then it rains") under a temporal aspect and argued with the temporal order ("If the rain stops, then the street will be wet for some time, though it may be sunny then.").
Results for the daily life situation are given in Table 9 . Around 68 % of the students gave the correct response that the converse of the implication "If it rains, then the street becomes wet" is not true. Thereby, the predominant proportion argues with a counterexample, e.g., "The street could be sprayed, so it is wet without rain."
The second item was a mathematical problem with simple geometrical objects: "If a quadrangle is a rectangle, then the opposite sides are parallel. Consequently, we also have If the opposite sides of a quadrangle are parallel, then it is a rectangle. Is this true?". The students' answers are presented in Table 10 . About 37 % gave a right answer, whereby many students (27,4 %) gave wrong reasons for their response. In most of these cases, they tried to give a counterexample but mixed up the concepts of quadrangle, rectangle and square. In particular, we noticed that many students do not distinguish between the words (and concepts?) of squares and quadrangles. Remarkable is also the fact that nearly 40 % of the students gave no response to this item.
Comparing the results for these two items, we can observe that most of the students know that, in general, the converse of a logical implication is not true. However, it is remarkable that about two thirds of the students recognise this fact in a daily situation and only about 37 % in a mathematical situation.
Are students familiar with the principle of counterexamples?
In order to answer this question we presented two items to the students, each of them with one mathematical statement. The students were asked to show that these statements are non-correct.
The first item dealt with basic geometrical object:
"Klaus considers squares and rectangles. He says: 'In each quadrangle is each angle 90°.' Karin says:' This is not true'. How can you show, that Karin is right?". More than 60 % of the students gave a correct answers using a counterexample (cf . Table 11 ). Three students explained in other ways that the statement is not correct.
The second item dealt with circles: "Klaus say: 'For each triangle ABC I can find a circle through the points A, B, C and for each quadrangle ABCD I can find a circle through A, B, C, D.' Beate laughs and says: ' I can refute one of your statements'. Describe how Beate can do this."
For this item we got a broad range of answers. Many students did not present some kind of no solution but answered something like "We did not learn this till now" Others tried to treat both statements (for the triangles and for the quadrangles), because they did not know which statement was right and which was wrong. Some of them gave a correct answer for the quadrangle but a wrong one for the triangle. Altogether, 58,5 % of the students gave no response and 21,7% gave a completely false answer. About 10 % gave an answer that was correct and another 10% gave a partly correct answer (i.e., correct for quadrangle, not correct for triangle). Since we are interested in the principle of counterexamples, we considered the students which used counterexamples. Here we found 10 students (9,4 %) using correct counterexamples for the quadrangle, but seven of them gave an answer for the triangle that was wrong.
The results for these two items indicate that the most of students are familiar with the principle of counterexamples. Already in section 3.4 we saw that students used counterexamples to show that the converse of a logical implication is not true. The comparatively weak results for the second item (circles through the points of a triangle, quadrangle) are related to the fact that many students refused to give an answer for this item. They argued that the question of circles through the points of a triangle/quadrangle was not treated in the mathematics classroom yet.
Summary and discussion
Our investigation of students' declarative and methodological knowledge was motivated by the recent empirical identification of aspects of geometrical competence resp. prerequisites for geometrical proofs in geometry classroom. As described at the beginning, several studies identified in particular declarative knowledge, methodological knowledge, metacognition and spatial abilities as these aspects resp. prerequisites. According to these results, we picked out several geometrical concepts or principles related to the declarative and methodological knowledge and investigated 106 grade 8 students from a German Realschule. These concepts or principles are definitions, equivalent descriptions, the understanding of proof, the understanding of implications and the principle of counterexamples.
If we consider the declarative knowledge, i.e., the knowledge of geometrical concepts and their properties, we see that students are quite unfamiliar with defining geometrical objects. About 30-40 % of the students in our sample were able to give a definition of the perpendicular bisector of a line or of an isosceles triangle. In the case of equivalent descriptions of a square, only 16% of the students recognise more than one of the three offered possibilities; in the case of the equilateral triangle, 38% recognise more than one of four correct descriptions. The fact that many students think that four congruent angles or four congruent sides in a quadrangle are sufficient for the definition of a square is noticeable. A reason for this may be the wrong understanding of necessary and sufficient conditions. Furthermore, the results for the definition items indicate that for students using drawings to define geometrical objects do not see the necessity to point out right angles and so on explicitly.
For the investigated aspects of the methodological knowledge, there is a certain variety of the results from our sample. For less than a quarter of the students there is a need to give reasons that a mathematical statement is true. Many students accept empirical arguments for proving a statement. It is doubtful that students with these deficits can get a deeper insight into geometrical reasoning and proof.
The fact that a logical implication is, in general, not reversible is recognised from many students in a daily life situation. However, here we have a big difference between daily life situations and mathematical situations. It seems that it is much more difficult for the students to recognise that an implication is, in general, not reversible if a mathematical situation is considered. Since the number of false responses for both items are nearly equal but the number of no responds differs strongly (12,3 % to 39,6 %), aspects of mathematical competence and motivational aspects may play a role. The fact that in both items many students used counterexamples in the correct responses shows that they are familiar with the principle of counterexamples (see below). It is remarkable that in the mathematical item many students mixed up the concepts of rectangle, square and quadrangle. As mentioned above, this may be based on deficits in the understanding of necessary and sufficient conditions in a definition or description of an geometrical object.
The principle of counterexamples is known to most of the students and they are able to use it. For the item with the quadrangle nearly two thirds of the responses were correct and nearly all students used a counterexample in their answer. The item with the circle through the points of a triangle resp. quadrangle was much more difficult. Here the students did not know which counterexample they had to search for. Consequently, there were more wrong responses.
As mentioned in Section 1.3 the considered five mathematical concepts and principles are rarely taught or discussed explicitly in the mathematics classroom. The results of our investigation show certain deficits in students' declarative and methodological knowledge; most of these deficits can be overcome by different techniques of instruction in mathematics classroom. For example, to prevent one of the basic problems, the restricted concept image of geometrical objects in student minds, an explicit and repeated discussion of definitions and equivalent descriptions of geometrical objects joint with a big variety of examples will be helpful. However, the portion of students who gave no response or a senseless response (up to 40% for some items) may not be explained only by deficits in the declarative and methodological knowledge in mathematics. According to the recently published results of the PISA-study for Germany (Deutsches PisaKonsortium, 2001) we assume that other reasons like reading literacy play a role.
